In the Bondi formulation of the axisymmetric vacuum Einstein equations, we argue that the "surface area" coordinate condition determining the "radial" coordinate is part of the initial data and should be made in a way that "fits" the physical problem whose solution is sought. For the two-body problem, we choose this coordinate by imposing a condition that allows it to be interpreted as the (inverse of the) Newtonian potential. In this way, two quantities that specify the problem -the separation of the two particles and their mass ratio -enter the equations from the very beginning. The asymptotic solution (near infinity) is obtained and a natural identification of the Bondi "news function" in terms of the source parameters is suggested. For a particular choice of the arbitrary functions entering the solution, it can interpreted as describing the final stages of the coalescence of two black holes.
Introduction
The characteristic initial value formulation [1] of the axisymmetric vacuum Einstein equations, first proposed by Bondi and co-workers [2] , has two distinct advantages over the initial value formulation in terms of a space-like hypersurface [3] : (i) there are no constraint equations to be satisfied by the initial data and (ii) the unknown functions can be determined, one at a time, by performing an hierarchical series of quadratures over the initial data and "known" quantities (including functions of integration from previous quadratures) [2, 4, 5] . Thus there are no partial differential equations in three independent variables to be solved! This is achieved by writing the equations in terms of coordinates adapted to a series of null hypersurfaces u = const, one of which is the initial hypersurface (assuming that the spacetime can be foliated by such hypersurfaces), and requiring that all but one coordinate be constant on the null geodesics (generators) in these null hypersurfaces. Then the "main" equations are ordinary differential equations that propagate the initial data along these geodesics ("rays" or bicharacteristics). The radial coordinate -the one that varies along the rays -must be specified by imposing one additional condition.
There are two standard choices for this additional condition, one of which is always made, resulting in the so-called "area" or "affine" radial coordinate, respectively. After either choice is made and the equations integrated, the dynamics of the two-body problem must be deduced by expressing the location and properties of the two bodies in terms of the functions of integration in the chosen coordinates. This is a non-trivial matter involving a lot of approximations [2, 6] .
In this paper we propose that the choice of radial coordinate should be made in a way that is appropriate to the geometry of the physical problem; and for the two-body problem we impose a condition that follows from the requirement that the two-surfaces of constant radial coordinate in any null hypersurface share a geometric property with the surfaces of constant Newtonian gravitational potential of two point particles in Euclidean 3-space. This choice has the advantage that important physical parameters, such as the separation of the two bodies and their mass ratio, appear in the equations from the very beginning. They thus act as "source" terms for this problem. We then integrate the equations, assuming a series expansion near infinity. By considering the angular dependence of the "mass" parameter of the solution, the arbitrary function of two variables generating the solution is then naturally identified with the first time derivative of the quadrupole moment per unit mass of the source. Section 2 introduces the notation we will be using and section 3 describes the choice of radial coordinate. In section 4 we integrate the Einstein equations assuming a series expansion of the unknowns near infinity. In section 5 we examine the physical properties of the solution obtained, and deduce the relation between the arbitrary function in the solution and the source's quadrupole moment, which differs from Bondi's result. Finally, in section 6 we summarize our results, pointing out that the same choice of radial coordinate might be convenient for investigating the near field also, and discuss the physical interpretation of the solution.
Formulation of the Problem -Notation
We will restrict our considerations to the the case where the axial Killing vector is hypersurface orthogonal (no rotation). We will use the symbols u, ξ, η, ϕ for the four coordinates. The assumption that the Killing vector trajectories (parametrized by ϕ) are hypersurface orthogonal implies that g u ϕ = g ξ ϕ = g η ϕ = 0, while the requirements that u is a null coordinate and the curves along which only ξ varies are null geodesics imply [2] that g u u = g u η = 0 also. Thus there are 5 remaining metric functions of u, ξ, η, denoted by the letters B, V, K, R, U. We will write the line element in terms of a canonical Newman-Penrose null frame ‡ as ds 2 = 2(l n − m m), where:
The frame transformations preserving the l direction and keeping m-m parallel to the Killing vector are a boost in the l-n plane and a null rotation around l parametrized by S and T , respectively:
If one chooses S = Ξ , ξ , T = R Ξ , η /( √ 2 K 2 Ξ , ξ ) and redefines B, V and U appropriately, the new frame is the canonical frame that is obtained by a redefinition of the radial coordinate ξ → Ξ(u, ξ, η). Thus an additional condition must be imposed to eliminate this freedom, effectively reducing the number of unknown functions of three variables from 5 to 4. Bondi's standard notation (and choice of radial coordinate, K = ξ) is obtained by making the substitutions:
The reason for using ξ, η instead of the more usual r, x(= cos θ) is that we want to reserve the latter symbols for the radial and angular coordinates of a Euclidean prolate spheroidal coordinate system, which we will use to impose a condition on the function K(u, ξ, η) in the next section. Here we note that, in such a coordinate system (with singularities at ±a on the z-axis), the Schwarzschild solution for a mass M at z = a on the symmetry axis is given by the substitutions:
In the limit a → 0, we obtain the standard form in spherical r, x coordinates. What is more, (3) remains a solution if we allow a to be a function, a(u), as it is simply a change of coordinates applied to the Schwarzschild solution in "spherical" ξ, η coordinates:
The 2-surfaces of constant u, ξ play an important role in the characteristic initial value formulation of the Einstein equations [1] . In particular, the induced metric on them,
is known as part of the initial data. Thus imposing conditions on this part of the metric, in a sense, defines the physical problem whose evolution is determined by Einstein's ‡ We use the standard NP notation [7] : the complex null-tetrad basis {l, n, m, m} is normalized to l · n = −m · m = 1. We will restrict the symbols {l, n, m, m} to denote the basis co-vectors (differential forms) while the vectors (differential operators) will be denoted by the standard symbols {D, ∆, δ, δ}.
equations. Of course, only the η dependence of K is determined by the initial data, and this can be eliminated by a redefinition of the η coordinate. This is the approach usually taken in imposing the "spherical area" radial coordinate condition K = ξ. We will instead impose a different condition that will allow these 2-surfaces to have different shapes depending on the ratio a(u)/ξ, where a(u) is a measure of the separation of the two particles.
The geometry of the surfaces of constant Newtonian potential
Prolate spheroidal coordinates (in Euclidean 3-space) is the appropriate coordinate system to use for the two particle problem. The Euclidean line element in such a coordinate system with singularities at ±a on the z-axis is
And the solution of the Laplace equation for the Newtonian potential of two point particles with masses m 1 at z = a and m 2 at z = −a is
For the 1-particle problem, Bondi's geometrical coordinate choice K = ξ, admits several interpretations in terms of properties of the surfaces of constant Newtonian potential:
• K is constant on the surfaces of constant Newtonian potential It is tempting to impose such a condition on the metric functions in (1), with (V − 1)/2 playing the role of the Newtonian potential. However, apart from ambiguities in relating the metric functon V to the "Newtonian potential", involving the function B, one must remember that the function V is not a part of the data on the initial u hypersurface and, therefore, relating it to K for all u may unduly restrict the evolution. We will instead impose a condition that will determine K(u, ξ, η) without reference to the other metric functions.
To do this we write the flat-space metric (6) in terms of an orthogonal system of coordinates ξ, η, ϕ, where the ξ coordinate is the (inverse of the) Newtonian potential (7) per unit mass:
Let us denote by N2(φ, ψ) the inner product of the gradients of the functions φ, ψ with respect to the flat metric (6):
Then it is easy to verify that ξ, η as functions of r, x given by (8) satisfy N2(ξ, η) = 0. It is remarkable that orthogonality is maintained when the "radial" and "angular" coordinates of the individual 1-particle problems (see (3)) are combined linearly in this simple way. This is undoubtedly due to the appropriateness of prolate spheroidal coordinates for describing this problem. In terms of a parameter λ depending on the ratio of the masses, the coordinate transformation (8) can be written
We note that, when x → ±1, also η → ±1, while as r → ∞, ξ → r and η → x. So for r ≫ a, the coordinates ξ, η behave as spherical coordinates r, x. In terms of the new coordinates defined in (10), the flat metric (6) takes the form
Now, it is easy to verify that N2(η, η) = N2(ξ, ξ)(r 2 −a 2 )(1 −x 2 )/ξ 4 , so that the metric on the ξ = const surfaces in Euclidean 3-space can be put in the form (5) with
The denominator of S (or ξ) cannot vanish as the coordinate ranges are r ≥ a, −1 ≤ x ≤ 1, and the parameter λ is by definition less than one in absolute value.
We are now ready to make our choice for the Bondi "radial" cordinate ξ that is appropriate for the two particle problem: we will require that K will be given by (12) for any value of u, i.e., that the parameter a in (13), determining the separation of the two particles, will be allowed to be a function of u. The physical meaning of this coordinate choice is that, for any u, the dependence on ξ of the area of the 2-surfaces of constant u, ξ is identical to that of the surfaces of constant Newtonian potential in Euclidean 3-space.
To be used in Einstein's equations K must, of course, be given as a function of u, ξ, η by inverting the coordinate transformation (10) . This cannot be done in closed form, as it depends on the roots of a 5th order polynomial in ξ, η. However, it is easy to convert the series expansion of K for r → ∞ to one for ξ → ∞, making use of the limits noted after (10) . This is most easily done by replacing, in the series expansion of S with respect to r, the symbols r, x by ξ, η, respectively, one order at a time and expanding again:
Substituting in (12) we obtain, to this order,
In this way we can compute the series expansion of S, and therefore of K, as a function of u, ξ, η to any desired order.
It should be pointed out that the reflection symmetry, η → −η, assumed in many investigations [6, 8] , holds here only if, at the same time, λ → −λ. This is to be expected, as the interchange of the positive and negative z-directions will not give the same problem unless the two particles are also interchanged.
Finally, we compute the quadrupole moment of the two particles relative to their center of mass. In terms of cylindrical coordinates ρ, z, ϕ with origin at the center of mass, the mass density distribution is
Then the quadrupole moment tensor can be written
where
and we have used the definition of λ to write m 1 , m 2 in terms of m 1 + m 2 and λ.
Series solution of the vacuum Einstein equations
Knowing K and assuming a series expansion for the function R, valid near ξ → ∞, where R approaches the flat-space limit (4), we can carry out the well-known hierarchical series of ξ integrations to obtain the other metric functions. Thus, we assume that as ξ → ∞, R has the series expansion
Then the Ricci component Φ 0 0 can be solved for B ξ /B, giving
Integrating the series expansion of the rhs when K, R are given by equations (15), (19), and choosing the function of u, η of integration to satisfy the boundary condition (4) at infinity, we find §
We next compute the series expansion of the Weyl tensor component Ψ 0 , obtaining
Now, the condition for asymptotic flatness (absence of incoming radiation at infinity) is that [4] Ψ 0 ≃ O( 1 ξ ) 5 , so that we must require that
Next, the Ricci component Φ 0 1 can be written
so that, with the series expansions of K, R, B known, U can be obtained. We find
where x 0 (u, η) is an arbitrary function of integration. The second, to be added to U, must be set equal to zero for asymptotic flatness. Proceeding in the same way, equation Φ 1 1 + 3 Λ = 0 can be solved for (V K K ξ ) ξ in terms of known quantities, and, with V known, equation Φ 0 2 = 0 gives (K R , u /R) ξ . Denoting by y 0 (u, η), z 0 (u, η) the functions of integration, V and R , u are given by
Finally the requirement that this agrees with the u derivative of (19) determines the u derivatives of the coefficients c i (u, η) (except for c 2 (u, η) which is given by (23)):
This completes the integration of the so-called "main" equations. Of the remaining equations, Φ 1 1 = 0 is satisfied identically, while the vanishing of Φ 1 2 , Φ 2 2 impose the § We only give the leading term in each equation. All calculations were carried out using Mathematica and the author's "RGTC" package (http://www.inp.demokritos.gr/∼sbonano/RGTC/), keeping terms to one order higher than in (15), (19).
The complete expressions can be found in the Mathematica notebook "NewRadialCoord.nb", available at http://www.inp.demokritos.gr/∼sbonano/TwoBody/NewRadialCoord.nb.
following two conditions -conservation laws -on the three functions of integration x 0 (u, η), y 0 (u, η) and z 0 (u, η) = c 1, u (u, η):
The series solution obtained in this section reduces to the one with Bondi's coordinate choice K = ξ in the limit λ 2 → 1. In fact it can be obtained as a coordinate transformation from the Bondi solution if one redefines the c i to be given in terms of the corresponding c i B (= coefficients in the series expansion of R in powers K) by the expressions obtained when K is replaced by its series expansion (15). One then finds that c 1 = c 1 B and c 2 is given by (23). To make the conservation laws (29) agree, one must also redefine the functions of integration x 0 (u, η), y 0 (u, η) as follows:
Despite the fact that, formally, the solution obtained here is but a coordinate transformation of a known solution, the explicit appearance of the "source" terms involving a(u) and λ makes the choice of the arbitrary function c 1 describing the twobody problem and, consequently, the physical interpretation of the solution particularly simple and transparent.
Particular solution describing the two-body problem
The solution obtained in the previous section is a "general" solution of the equations in that it depends on the arbitrary function c 1 (u, η). To obtain the solution for a particular problem, an appropriate choice for this function must be made. With the coordinates chosen to fit the two-body problem, it is reasonable to expect that the required arbitrary function will have a simple form. First, non-singular behavior on the axis (η = ±1) requires that c 1 (u, η) = q(u, η) (1 − η 2 ) for some q(u, η) that is well behaved at η = ±1. Making this substitution in the second conservation equation (29) and replacing y 0 (u, η) by −2M(u, η) (Bondi's mass definition -see equation (26)), we obtain
Now, the rhs of this equation describes the energy loss of the system. Its angular distribution, being independent of ξ, can be identified with the angular distribution of the flow of energy at infinity obtained in the linearized theory using the Landau-Lifshitz pseudotensor (see [9] 
where ... Da b is the third time derivative of the quadrupole moment tensor (17) and n a are the Cartesian components of the unit vector in the direction of propagation, which equal ( (1 − η 2 ) cosϕ, (1 − η 2 ) sinϕ, η) at infinity. We find
Thus the angular distribution of the mass-loss equation (31) will be ∼ (1 − η 2 ) 2 , as appropriate for this system, if we choose
where Q(u) is the quadrupole moment defined in (18).
With this c 1 (u, η), the first conservation equation can be integrated giving
where M(u, η) is determined by the equation
once the function a(u) is known. Finally, using the notation Q = Q(u)/(m 1 +m 2 ) = (1−λ 2 ) a(u) 2 for the quadrupole moment per unit total mass of the system, the leading terms in the components of the Weyl tensor in the frame defined in (1), with c 1 (u, η) given by (35), are:
...
We note that equation (37), giving the radiated energy directly in terms of the source parameters, is an exact result following from a particular, physically motivated, choice of the arbitrary function c 1 (u, η). However, our formula for c 1 (u, η), equation
The same result follows from the requirement that the rhs of (31) is negative for all u, η.
(35), involves only the first time derivative of the source's quadrupole moment, while Bondi's result, which agrees with the conclusions of linearized theory [9] and post-Newtonian calculations [10] , is (in our notation Bondi's c equals −c 1 ):
The only way to reconcile the two results is to require that, as a consequence of the equations of motion ¶, the quadrupole moment satisfies the equation
so that,
), and therefore, a(u) = a 0 exp(− u − u 0 8 (m 1 + m 2 )
).
Of cource, a(u) should be determined by the equations of motion following from the vanishing of the divergence of the energy momentum tensor of the two particles. But this requires knowledge of the field in the vicinity of the particles, which is well beyond the scope of the approximate calculations near null infinity carried out here. Nevertheless, we point out that, with a(u) given by (41), all remaining u integrations (see equations (28), (36), (37)) can be evaluated analytically in terms of elementary functions (exponentials); and choosing the functions (of η) of integration to vanish (except for the final mass), the resulting solution will smoothly approach the Schwarzschild solution as a(u) → 0 exponentially with u → ∞. This solution can therefore be interpreted as describing the final stages of the coalescence of two blackholes, after the common horizon has formed. The explicit expressions for the metric functions and the Weyl tensor components for this case, together with the verification that the metric is Ricci-flat to the appropriate order, are given in the Mathematica notebook "NewRadialCoord.nb" mentioned in the footnote in section 4.
Discussion
The freedom in the choice of coordinates inherent in general relativity is invariably used to simplify the equations. This is due to the complexity of the equations. However, a coordinate choice that best simplifies the equations may not describe the physical problem in the most natural way. For example, in the static, axially symmetric problem, Weyl's canonical ρ, z coordinates require that a physically spherical source be described as a linear distribution of mass.
In the Bondi formulation of the axisymmetric vacuum equations, the essential simplification comes from the use of a null coordinate u and angular coordinates η, ϕ which are constant on the null rays. The choice of parametrization on these rays does not simplify the mathematical problem any further. In this paper we propose that it should be used in a way that gives information about the particular physical problem whose solution is sought. For the asymptotic solution near infinity of the two-body problem, imposing a condition that follows from interpreting the surfaces on which u, ξ are constant as surfaces of constant Newtonian potential, allows us to relate the arbitrary function generating the solution to the source by a symmetry argument without making any approximations. This should be compared to Bondi's approximate and, in his own words, "distinctly crude" + derivation of the corresponding result, as well as to the series of approximations required to relate the radiated energy to the motion of the source in other approaches (post-Newtonian or "matched asymptotic expansion" schemes [11] ).
Despite its simplicity and directness, our derivation of the form of c 1 is subject to two serious objections. The first is that our result follows from a choice of cooordinates. How can such a seemingly arbitrary choice lead to a physically meaningful result? There are two answers to this criticism: (i) The same result could have been obtained with Bondi's choice of radial coordinate K = ξ, had one chosen the arbitrary functions x 0 (u, η), y 0 (u, η) to include extra source terms as in equation (30). (ii) Our choice of radial gauge, following from the identification of the ξ = const surfaces with the surfaces of constant Newtonian potential, is not an arbitrary choice of coordinates but is closely related to the physics: the surfaces of constant ξ are the wave fronts of the radiation emitted from the system, carrying information about its properties; and identifying them with the surfaces of constant Newtonian potential gives a description that matches the dynamics more accurately than the use of either spherical or prolate-spheroidal [6] surfaces. In fact, the dynamics can be better approximated if one allows the parameters m 1 , m 2 to depend on u to reflect the relativistic velocity dependence of mass. All ξ integrations remain unchanged and only equations involving u derivatives of the unknown functions will acquire extra terms, leading to more complicated conservation laws (29).
This leads to the suggestion that a coordinate condition based on a property of the constant-Newtonian-potential surfaces should be used in the description of the inner regions also, as these surfaces have the topology of the "pair of pants" picture of the horizon [5] : near the source, the set of points with constant Newtonian potential consists of two disconnected subsets, one around each particle. This can best be seen if, near ξ = 0, one switches to the r, x coordinates used in the definition of ξ, η (10).
The second objection has to do with the fact that, with our choice of c 1 , the radiated energy is not given by the square of the third time-derivative of the quadrupole moment (unless, of course, (41) holds). This seems to be a major shortcoming of our derivation; however, noting that ... Q is the coefficient of the ξ −1 part of the Weyl tensor, and defining the energy flux at infinity not in terms of the Landau-Lifshitz pseudotensor, but in terms of an appropriate multiple of the Bell-Robinson tensor [12], then the energy reaching infinity can be made to equal the desired result. We recall that the Bell-Robinson tensor, a divergenceless (in vacuum) tensor quadratic in the gravitational field strengths, is the + See comments after equation (91) in [2] . mathematical analogue of the electromagnetic energy-momentum tensor and is used in mathematical "energy" or "curvature-flux" estimates [13, 14] . However, as it is a fourth rank tensor, its relation to physical energy and momentum is not clear.
Finally, we point out that the solution obtained when a(u) is given by equation (41), being an exact analytic solution of the Einstein equations (in the form of a series expansion which can be continued to any order) with a news function in agreement with Bondi's, and which evolves into the Schwarzschild solution as u → ∞, can be used to obtain accurate wave-forms for gravitational radiation as well as to test the accuracy of numerical codes.
